Abstract. We obtain a closed formula for the Laplace transform of the rst moment of certain exponential functionals of Brownian motion with drift, which gives the price of Asian options. The proof relies on an identity i n l a w b e t ween the average on 0 t ] of a geometric Brownian motion and the value at time t of a Markov process, for which we can compute explicitly the resolvent.
Introduction.
The aim of this paper is two-fold: i) We take up the computation of the value of a continuously averaged Asian option in a Black-Scholes setting, with initial price normalized to 1, at maturity date t, and strike k, i.e. E ( However, our approach in the present paper is very di erent from that in Geman-Yor 3], 4], or Yor 19] , which relies very heavily upon Lamperti's representation (1.1) exp (B t + t ) = R ( ) (A ( ) t ) t 0 where A ( ) t = R t 0 ds exp (2 (B s + s )), and (R ( ) (u) u 0) denotes a Bessel process with index .
In the present paper, rather than relying on (1.1), we shall use the following remark (1. for any xed t 0, which is a very particular case of a general identity in law i n volving the generalized Ornstein-Uhlenbeck processes discussed in Section 2 below. An important fact is that the right-hand side of (1.2) de nes the value at time t of a Markov process (Y a b t t 0). This remark being made, we write (1. 3) E (A a b and we develop the right-hand side of (1.3) using Itô-Tanaka formula. It turns out than we can compute explicitly the density of the resolvent of Y a b , so that, nally, we obtain another derivation of the main results of Geman-Yor (see 3], 19]).
ii) The second aim of this paper is to present, throughout the text, a more complete view of the bibliography about exponential functionals of L evy processes than in the Monograph 21] the incompleteness of the bibliography in 21] is the sole responsability of the third author of the present paper. In particular, we refer to Urbanik 16] , 17] for the study of the law o f R 1 0 exp (;u X t ) dt for a positive L evy process X and to Paulsen 14] and co-authors ( 13] , 5]) for computations of the laws of randomly discounted integrals R 1 0 exp (;X t ) dP t , where X and P are two independent L evy processes.
Concerning the price of Asian options, we also mention the work of Rogers-Shi 15] which gives interesting lower and upper bounds for the price.
In a di erent direction, Leblanc is also a Markov process. Cases of particular interest involve independent and , but this independence hypothesis is not necessary. Some of these processes have been studied in the literature. The case where s = s and is a Brownian motion gives the usual Ornstein-Uhlenbeck process of parameter . Hadjiev 7] considers the case where s = s and is a L evy process without positive jumps and determines the distribution of the hitting times for X. Gravereaux 6] studies the case where is a d-dimensional L evy process and s = s h where h is a linear map on R d , and looks for the existence of an invariant measure. We also refer to Jurek 9] for the condition on insuring the existence of R 1 0 exp ( s ) d s for < 0 and to Jacod 8] for the study of (2.1) when the initial condition x is replaced by a n a n ticipating random variable.
Yor 22] considers the process X for and two independent B r o wnian motions with respective drifts and and deduces from Proposition 2.1 below the law of a subordinated perpetuity, a result already obtained by Paulsen 14] by a di erent method.
We also mention the work of de Haan-Karandikar 10] where the Markov process X appears as the solution of a \SDE" of the form X t = A s t X s + B s t s t for random variables fA s t B s t s tg satisfying compatibility conditions and certain independence and stationarity properties.
These Markov processes are related to exponential functionals of L evy processes via the following: Proposition 2.1. Let B is a Brownian motion and the processes B, + , ; are independent. We denote by ( ) the L evy exponent of determined by E(exp ( t )) = exp (;t ( )). iii) It su ces to multiply both sides of (2.3) by and to let converge to 0.
3. Application to the computation of the price of Asian options.
We take up (1.3) again, i.e. Proof. This is immediate, using Itô's formula, and Fubini's theorem.
By scaling, we may a n d we shall assume that a 2 =2 = 1 and we set Y = Y p 2 . Then, ' 1 and ' 2 , g i v en by (3.2) and (3.3) are two independent solutions of (3.5). Moreover, ' 1 is bounded near +1 and ' 2 is bounded near 0 (' 2 (0) = 1). Now, we are looking for a solution of (3.4) of the form u(x) = 1 (x) ' 1 (x) + 2 (x) ' 2 (x) with 2) For n = 2, the Laplace transform of U = ( U (1) U (2) ) is obtained in 20], 22] in the two particular cases where 1) a 1 = ;a 2 = 2 and b 1 = b 2 = ;1.
2) a 1 = 2 a 2 = 2 and b 1 = 2 b 2 = ( < 0).
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